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MOBIUS

17h The Mobius function and her friends

Our star players are ARITHMETIC FUNCTIONS functions from
IN to 0 Usually wenlyctaveabouttheones that have nice
number theoretic properties Let's startwiththe star of theshow

Definition TheMOIFUNCTION M IN I is

Min 1 n 1

fe s n p pk istheproduct of distinct primes

O otherwise

Thefirst partof thisclass willfocus on sums of the form fld

The Mobius function is fundamental to finding t
closed forms for these sums d divides n



Preposition Mid I n t

O otherwise

form d pBl pick for o f Bi f di Of course M is only

nonzero for squarefree integers so

I IIIIf
mn

a
Mld Ifi

t if pin op 0

I 0 otherwise

every squarefreedivisor

of theprimefactors of evensized subsets of a nonempty set is
thesameas thenumber ofoddsized subsets

Up next we have the EULER TOTIENT FUNCTION 4in
which counts the numbe positiveintegersen that are
coprime to n For example pi

412 1why do we care

y 4 2

If you've seen grouptheory y 3 2
this is the order of the

multiplicative group In

It turns out that 4in like Min can be computed using
the prime factorization of n



Step 1 Find 4 pk when p is prime and K 1

Theonly positive integers notcoprime to pk aremultiples of p So
6 pk integers between 1 andpkthat are not multiples of p

p integers that aremultiples of p

pk pk 1

Step If m and n are coprime 41mn 41m 4in

We will prove this by looking at modular arithmetic

Define a function F Kmt 2m In
F a amod m amodn

i F is surjective
Choose any a cKm and be In Let c antbm mod mn

Now ant bm is coprime to both m and n so it is coprime

to mn sincem and n are coprime So F c a b

ii F is injective

This is the trickypart Suppose Fla F b so a bmodm and

a bmod n Then m a b and n a b Since mandn arecoprime their

product mnalsodivides a b a bmodmen

Step Profit

If n p pick bysteps 1 and 2
6in p pi pi pi



I Holdontwhat'sthepointofthisclassifweatread
F lhaveaformulaforminlanpyln.pt

Great question Bothformulasrequire factorizing n and

prime factorization is hard
Instead of worryingabout closed forms for arithmetic functions often impractical

we will focus on findingrelations between arithmetical functions

theorem 4 d n

Proof This is a very elegantcombinatorial proof For each divisor d of n define

Ald K ged kin d and If Ken

Thesets Ald partition 1 n What is the sizeof Ald
Well ged kin d 1 7 ged Hd Md 1

So IA d 4Md Can youfinish theproof fromhere

This is all well andgood but why are we trying to express n a number weknow

using Old Imanynumbers we don't know

theorem Yin M d d

Roof Introduce a function on all REAL numbers

I n 1 a 2 1

O otherwise



We've seenthis function before I Md I n
din

Now we do a bunch of rewriting

pin I gettin

E Egannm d É Mid
is equivalent to

Kqdforsome1595Ma

In Mcd I
if

These two theorems are a preview of themoregeneral MOBIUS INVERSION

I



Day 2

HIM Dirichlet convolution Mobius inversion

We are going tosee lots of sumsthat look like M d d

Definition TheDIRICHLET CONVOLUTION of two arithmeticfunctions f andg is

fag n f d g Md

Think of convolution as a kind of multiplication Theintuitionforthis will become

clearwhen we talk aboutDirichlet series

Examples For convenience let It bethearithmeticfunction 1in 1 Fn

and N thefunction suchthat Nin n f n Wehavealreadyseenthat

I MAI
N 4 1
Y MAN

It turns out that and are no coincidence the operation is a groupoperation

and theMobius function helps invert it

Expertise
Show that i is commutative fag g f

ii is associative fig h f gahparts Ii and
hiii are worth iii hasanidentity f I It f f forall f
working through

All that remains is to show that hehas inverses The catchhere is thatonly
arithmetic functions that satisfy f f 0 will be teinvertible You canactually

find a formula for f t by recursion



Eyercise
showthat if f 1 to thenthefunction f definedby

f t If 11 and
optional

f n I Fgf f f
Ld for n 2

Only if you
diffutations is a t inversefor f That is ft f t f af I

Asyounow know wedon'tcareforformulas Wewant nice looking relations

Theorem Mobius inversion formula If f n Ep9d then gin f d M

Proof This is nowsimple toshowusing theproperties of Dirichlet convolution

If f g 1 then FAM ga1 AM

g aan
by associativity

g
since I andMareinverses

HIM Multiplicative functions

Let's stay with thenice arithmeticfunctions for a minute Wehad an

easy time deriving a formula for 4in once we knewits value at prime
powers

Definition An arithmeticfunction fin is MULTIPLICATIVE if
f m fin f mn whenever gid Min 1



Exercise a showthat theMobiusfunctionMint ismultiplicative
Iblshowthat if f ismultiplicative then f I 1

Welike multiplicative functions because they preserve themultiplicative structure

of theintegers They also behavewellwith Dirichlet lonvolution

Excise Cal If f and g are multiplicative so is fig
triskier Ib If f and fig are multiplicative so isg
Corollary c If g is multiplicative so is its Dirichlet inverse g

Of course thenicest arithmetic functions are COMPLETELY MULTIPLICATIVE
f m fin f1mn for All mineIN A silly example is thefunction

1 In

WARING If f and g are completely multiplicative fag need notbe
completely multiplicative

Wedohave a very nice description of the inverse

Theorem Let f bemultiplicative Then f is completely multiplicative IFF
f n min fin

Proof If f is completely multiplicative then

fu f n Md f d f Md fin Md I n

Conversely if f n Minifin then

Mid f d f Md o for all n 1

Inparticular if n p M i f lil f pd trip f p f pa 3 0

fpa fcpf pa



By induction on a thistellsusthat f pd f p which is enough to conclude

that f is completely multiplicative
Effy

Example Thistheorem actually helpsus compute 4
Weknow that 4 MAN so 4 M N Since N is completely

multiplicative N MN So

4 In E dMld

Example LIOUVILLE'S FUNCTION X n
Liouville's function is kind of like theMobiusfunction
Xen c 1 at i i t ok if n p9 pick This immediately tells us that
X is completely multiplicative Its divisorsum is an indicator function

for squares i e

q yea 11
n is square

O otherwise

Theproof goesby checkingthe identity for primepowers since 7 1 is
multiplicative If n p

17 11 pa EgX a

X 1 7 p t 71pA Xpd

I a is even

O d is odd



TheA inverse of X is the indicatorfunction for squarefree numbers i
T In 1min11 Checkthis using thetheorem

Example The DIVISOR FUNCTION acn

Define o n d One use of oln is to test whether n is a perfect
number It also turns out to be multiplicative since 5 1 N is

the convolution of multiplicative functions Since N is completely multiplicative
wecan use the same trickas earlier to find o t

1 1 t N t MAMN

o ten dMcdM f

Eh Funkier sums

Another neat trick to study arithmetic functions usesformal power series

Definition For an arithmeticfunction f and prime p thepthBELLSERIES off
is fp n fo fph x

These are especially useful formultiplicative functions if f and g are

multiplitative then f g s s fp lat gp in for all primes p



Example The Bellseries ofM
Since Mlp 0 if n 2 Mpin 1 K Coincidentally

M lpn Ilp I and Ipin EgNn YaN

Example The Bell series of 4
Upin I tf ep ph an

Gop n ng phsen

i n pre Ipta

theorem For arithmetic functions f and g let h ft g Then

hp in fp ingpin for all primes p As a corollary if
f t is the A inverse of f then fpin is invertible
and f in fp tr

Proof We need to check the powerseries identityby looking at the
coefficients

hph EofpkgIpnk whichis thecoefficient of k in the

produst fplulgpIn

A quick example Let Vint count thenumber of distinct primedivisors of n
function fin 20in is multiplicative and its pth Bell series is

fpin I tf 2k It Eta If Since MapIn Itn andHln Yi n 9
fp R Mpin Ipin 201M M2 d



Day 3

HIM Averages of arithmetic functions

Though sums of the form fld are nicetostudy we are

often more interested in sums likeEnfin Forexample if pin
is the PRIME INDICATOR FUNCTION pint I it his prime

and pint o otherwise then thePrimeNumberTheorem estimates

Galpin Today we're going to work through someestimates and introducethe

VON MANGOLDT function

NOTATION

f x 0 g al if If tailEMgin for some M 0 Vn

fin n gin if Ling
f Ygin I

fin o gin if him
f Ygin 0

For s I the Riemannzeta function is 315 4ns

Theorem Abunch of facts

En t logat Ct Olt

EnIs YI 315 0 ks if s 1

pye
Of Olk s if s y

ere Enna 3ft Old if a o



Fa The average order of rcn

dinand n enGodEzrin End

g

E I Yen and deme
I 1 t oka

estimateEmad

N's q t 0 n n'la apply the

a fit 2 tom's to fragments
theL'ss

I 3121212 01k10gr

q 1k10gr eats 5

Iem Gcn n 3 22

The same trick can be used to show that Endin unlogn
where din is theDIVISOR COUNTING FUNCTION din

1
1



For the averages of Hint we need to assume that

Ian 4512 so 1112 4512 to he

Then EnYin 12312 Olntoga

Eh Partial sums and Dirichlet convolution

Let hefag What is the relationship between their partialsums

Refn If a is an arithmeticfunction and F R s A is any function
no F in

n
aint Mn

Lenya If A and B are arithmetic functions and Fitr se
a B OF do BoF

proof a B of In Enla B n F Mn

E acdB 1 F

Iga d B k F Mak

End'd Blk F ME

Xo Bot n

É



Theorem Let h fog and Fin fin Gln ng in

and Hln Eph n Then

Hln EatinG Mn gin f Mn

Roof Define Ufa o 05251

I 22

Then F foU G gold and H hold so using the lemma

H hou f 9 ou fo goU foG
FEI

The point of all this is that divisor sums helpus estimate partial sums

Notation The FLOOR of a real number n Ind is the greatest

integer f k The FRACTIONAL PARTof n is

n n LK

Corollary En F E E fid ng fin En

Prove this as an exercise



HIM An estimate forMcn

It turns out that estimating the partial sums ofMint is hard
Riemann Hypothesis hard Wecanstill get enough informationto

prove the Prime Number Theorem The Prime Number Theorem is

equivalent to the statement that Eg111 so as n es

Using Dirichlet convolution we canshow that the sequenceof partialsums is

at least bounded From the lovollary

InMiniMn En Md 1

Now
a E I Eminent E minion

It Enman In

It In Ea In
E I n LN L N

Wejust showed that Entitled for all n



HEH The von Mangoldt function

An arithmetic functionwe'll use to derive estimates I likethe Prime NumberTheorem
is the NATURAL LOGARITHM dog n this is thebase e logarithm

Can we find anarithmeticfunction g n so that dogn EngLd

Well with ournifty Mobius inversion

gin logdMMd changing variables

log d M d

dogIn Mcd log ame
109 d logint log a

din

dogdMfd

if n a logint so

if n 1 EnMId O

Combinatorics comes to our rescue onceagain to simplify this sum

If n p Pitt then

log d Mld Eg 1 log TIP

Elk l 1 logp

i
log Pi Ep I i



The subsets of pi p lontaining pi are in bijection
with subsets of pin g pi pit g Pk If K 2

this becomes a nontrivial sum over the subsets of a nonempty
set so Esp L 1

Il O fi

What if 4 1
Then n p for some prime p and

gin E M d log d M p log p log p
din

Definition The VONMANGOLDT function A is

A int

f 1.0g
p if n p9

0 otherwise

Wederived this function using Mobiusinversion on dogent but it
turns out to be useful formany reasons For example the derivative
of the RIEMANN ZETA function can be expressed using log

digs515 10917ns
n

The von Mangoldt function playsthesame role forthe LOGARITHMIC
DERIVATIVE of 51s

E Ins



We can use this to estimate Endin
Mn EnEnAid

Inlogin

log Las

Tomorrow we'll derive themore complicated SELBERG IDENTITY

involving A int and handwave how Pat followsfrom it



Day 4

Today we will focus on the

Prime Number Theorem If it at of primes ex then

TIN Yoga

Fah Stop 1 introducing our key players

We have our arithmetic functions Min and A n

Definition CHEBYSHEV's Y FUNCTION is Yin En 1 In

CHEBYSHEV'S O FUNCTION is 01N Egan logp

Of course we have pin I n is prime

O otherwise

and stint Inpin All three funitions arevery closely related

theorem A bunch of facts

Tin
n
pint via negpinlogn Yin mfgno

n'm

Lins E 371 0

TIN n Ig IFF VIN NK IFF Yin n k



Roof with some details omitted

The formula for Yin is the only nontrivial one

Yint EnAint E ymg.ggP

ing Eym
mfg else'm

From Of Yin 01k f
log

m

Now we use the sillybound Oln fklogn

Of Yin via f Engen'mlogn'm

F log K K logy's

Now divide by n I

A sketch Since it n Enpin and bln E pin logn a

secret result from analysis tells us that

Ula TINlogn till log11 f It at

TINlogn It It



and Tin YI g3 t fight at

isnt Egede
Part tells us that u n on IFF Yin use Toshow theequivalence for

Hln and Vin involves showing that the integral error terms we

derived disappear if any one of the asymptotic is true

Fa Stop 2 Investigating A n

Now that we've established that the PrimeNumber Theorem is equivalent
to the statement that Ennen n let's investigate 1 n

We already saw thatEnAlnitak dog Las Using theStirling

approximation to the factorial we canturn this into an estimate

1in Mn nlogn n t Ollogn We also have our theorem that

fin Mn EntMn soft n ntoga at Ollogn

Our big result to estimate A In has a much longer proof

Notation flu 0191ns if fin Olgni AND gin O flat
For example 2 0 122



Theorem And dog at 011 and Hln n

Proofsketch The bound 2 0 Yin is trilky to show Here's a

sketch of howthe other bound works

Let Tin Eaten LM We know that

Tint niogn N Ollogn Nlogn t O N

Some rearranging of terms tells us that tint 2T 2 I V47 Y

Weuse our crude estimate for Tin to conclude that
H1n1 Y 72 0127 and reversion to show that 412 Oln

Now we use this to estimate In

an.EE E E our sin

Insanity 0 Eisen

TINI 0 Yin

night Ocu
And dividing by n completes the proof

iggy

Eh Stop 3 Selberg's asymptotic formula

This is the last meaty thing we will see before the proof of PMT



We will derive Selberg's asymptotic formula using another kind of
inversion result

Theorem If Gln dognEntMn then

Finlogn F Mn 1in EmmaGMa

PloofWe lookat eachterm on the lefthandside

pI in ismostly zero
Flnlogn Ent n F Tn logMn Mobiusinversion

Inf MndogMn Mid

and E F Mn Aint EnMiddogMa

So FinllognEntMn 1in EntMnEnmid dogMn logMd

In Fan InMlddogId
divisorsums

InEmamd logy q

We ve rearranging

EnMidiG d



Finally

Theorem SELBERG'S ASYMPTOTIC FORMULA

Yinloga En 1 n Y kn Intoga Ocn

Roof We are going to apply the previous theorem twice with

FIn H R and Fa n n C 1 where C is the lonstant from

estimating En t logx Ct 0 ta So

G Int logan 4 Mn nlog n nlogat OClogan
fromour Stirling estimate instep 2

Gani lognEnEn C 1 21092Enth Ct1 nlogn

ntoga logn Ct 0 ta Ctl nlogn

nogn nloga t O log n

Comparing thetwo G al G n 0 logan but we only need

G n G n 01242

Now we apply our inversiontype theorem



Film Faint loga En F Mn F mln 1 in

Enmid G Ma G Ma

EnmidlOffa

Fro Enka fromour

Ola
I estimate for

n

Of course F and Fa needto be expressed in terms of X

Film Faint loga En F Mn F mln 1 in

In set ti logatEn u in MntCtr Is n

Yallogn EatMn sin n c illogic Enkn c 1 sin

Rearranging

YinllogatEntantsIn in s mlogat EglF c 1 aint 0in

mitigating
eaten



thing getseaten since
41 7 0 in

Noga th logn t0111 01kt

2k10gNt 0 k

FEI

17h stop4 cleaning up

Here is how the prime number theorem Alaina follows

Define a new function

e
n y em 1

so 41N NK IFF TCU 30 as n s as

some integration turns Selberg's formula into

1212712252 ITlulldudy Oln

We look at the error term of Cin

12 In f dimsup em t girl for some function gin so

Here is the hard part If dimsup17127170 we manipulate the



integral inequality to find some o c e I dimsup121271 so that

IT int I f c t gin stillholds for all n
But letting n so in this new equation dimsup tem f Ci contradiction

whatjusthappened

Let's take a step back Ourgoal was the PRIMENUMBERTHEOREM
that tint Yoga Why is this equivalent to the statement that
Yin v2

We have Yin En hint I
pay

dogP É Lef log
pprime

pprime
n togaEfim

logn IT121

Looking at powers of p f x and taking logarithms is about the same as

counting primes pen The logarithm is just a nicer function to estimate
than the primeindicatorfunctionpins
Sincewe only care about asymptotics we can look at Yle togetrid of the

logarithm Ourinversiontype results movearoundfunctions so wecangetthe bound in
Selberg's asymptoticformulaDerivingthePrimeNumberTheorem justbecomes somemessy
analysis tosaythatfortheboundto make sense 41h must be n k



Day 5

17h Primes in arithmetic progression

How evenly arethe primesdistributed among thenatural numbers

More specifically can I find infinitely many primes in any arithmetic

progression

Let's reframe this more numbertheoretically an arithmetic progression at id ieIN

is just thesetof integers congruentto amod d Soare there always infinitely many

primes congruent to a mod d

EI Notates

Thereare only finitelymanyprimes congruent to 0mod2 Or 0mod4 Or 3mod 6

Ingeneral if god and 1 then only finitelymany primes canlive in thatcongruence

class

DIRICHLET'S THEOREM ON PRIMES IN ARITHMETIC PROGRESSIONS

theorem If god k n 1 then thereare infinitely many primes congruent

to k mod n



Let's prove this for a special case

Claim There are infinitely many primes congruent to 3mod4

Proof Supposenot Let pig aPn beall the primes congruent to 3mod4

Set N 4p ent 3 N 3 mod4 so it must have aprime divisor

p 3mod4 but p cannot beanyof pi pm Contradiction

The argument for Imod4 cannot usethesametrick but canstill beproved with

elementary numbertheory Thetrickwejustsaw is theeasiestway to showthat there

are infinitelymany primes What areotherways toshowthis

Euler's famous result that I diverges is an extravagantway to showthat thereare

infinitelymanyprimes Butthis is how we need to thinkto prove Dirichlet's theorem

Goal Show that
gym

diverges

Pekmodn

Actually it doesn't matter what thenumerator is As longas wepickany
nonnegative function f E f Yp diverges thereareinfinitelymany

pekmodn

primes congruent to k mod n

Theorem Still Dirichlet If grain k L then

I 101 pitlogn 011
Pen
PIKmodn



This tells us something evenstronger the primes are evenly
distributed among the congruence classes mod n This is because

on one hand

nwI toga Old

and on the other

WI E
9d kin I p n

M
1 Iiintermis tinthere are

41h1 terms

This proof actually does involve some complex analysis

Definition A CHARACTER mod n is an arithmetic function
X IN A such that

X is completely multiplicative
X m 0 if god Min 2

That x Cath for all integers a
The characters mod n are determined entirely by their values mod n

In particular they are only nonzero on the Yin residue classes coprime
to n It turns out there are exactly Un distinct characters

mod n and they all map In k mod n gidKan 1
to the Yin th roots of unity in G



Definition If X is a Dirichlet maracter mod n

LCL X Tt

The proof of Dirichlet's theorem hinges on showing that when X is not

identially 1 LIL X converges BUT L lox 0


