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;(ﬁg’?é The Mbbiue function and her friends

Our  Stor ployere  gre ARITHMETIC FUNCTIONS - functions from.
N to € Usually we only Care about fhe oneg that hove nice

nwmber - theoretic pvogmias, Let's start with the star of te show-

Definition - The MOBILS FUNCTION M- IN—>C s
Mn) = | L, n=1

(—DK7 0 PP ic {ne product ot (_Xﬂf_\_tt Prim&&

0 , oOtherwiSe

The first Part 0f this clacs will foens on sumg OF the form > £(d)
d|n

/

r

The Mobint funckion is Pundomental to F\'no\ing

cloced forme For these sums 4 givides n'



N B

Proposit\'on‘- IZ Mid) = 1, n-1
d|n

D . otherwise

Let n  Aackor ac n—_P(“'--- K‘XK‘ EV€Y9 divisor d of n has the
form  d= Ple'" F:’K for D& Py S of tourse , M s only

nonzero for  Squarefree integers , So

! i P -
il‘(d) = Z(-l) | 1. Jogape§ = P

i Tefheoned
D i Othwwise

v L.
e Squarefree divisor |
A ~ this uges o combinatorial fact hat the number
Comes §rom a Subset

of 1he prime factors of even-sized subsets of o nonempty set is
the some 0S he nymber of 00d- Sized subsets.

N
N
14|

Up next we have the EULER TOTIENT FUNCTION ¥(n),
which counts  the number 0f pocitive (ntegers £n  that are

coprime 10 n. For example,

W) =
Why do we care? Pr2) =
I# Yyou've seen group theory, L()(g) .
this 1s the order of the
o x Wia) -2
multiplicative group Zn l

It Aurne out that Win). like M), can be Computed using

the prime factorization of n.



Step 1 - Find Y(p*) when pis prime and K21
The only positive dntegers 1ob coprime to p* ore multiples of p. So,

WCFK) = # integers between 1 ond p* that are not multiples of p

N PK — # ‘ntegers that are wultiples of p

Step 20 W wm and n are coprime, ¥imn)= Y(m) ¥in)

L" We will prove this by looking ot wodular aritmetic .

Define o funckion F:z2* —> 72 © 7.

mn

F - o —> (amod m, o modn )
(1) F ie surjective
b Cnoose  any neZm and bE Z, . Let c=(an+bm) mod mn .
Now, 0n+bm i wprime o boih m ond n, So it & coprime

to w0 (sine ™ and a are wprime). So, F(c)= (a,b)

(i) F is <njective
L This s the tricky port. Suppose Fla)= F(p), so a=bmodm and
a=b mod n. Thn, m}a—\o and nja-b. Sinee m and n are coprime, their

Produc’c mn also divides a-b => o= bmod mn.

Step 3 - Profit!
|f mcp.“'---pff" ﬂbH stepe 1 and 2,
Q) = (p— g ) o (- )



(\_’C?E Hold onl What's the point of +his class i we alreudgj\}
U Lhove, o formula for M(n) AND WD) 7 W,

Great  quastion! Both formulas require factorizing n, and

prime factorizalion s hard !

lnsteod of worrging about closed forme for arithmetic functions (often improctital)

we will fowws on JF(nd(n_q relations between grithmetical functions .

w. ZLP(d>=rL.

aln

Proof . This is o very elegant combinatorial proof.  For each divisor d of n, define

Ald)- K gud(km)=d and 1S K< G

The Sets Ald) partition 61,.4., ny. What s the Size of A(d)'-g
Welly ged(K.n)=d < => gcdﬁk/d‘n/d>=i-
Soy [AL) = W(Ya). Can you Finish the proof from here. ©

3)

This 6 all wel and good, but why ore we (rying t0 express v (& number we kmow)
US“ng 9(d) (mang numbere  We  don'{ Know).‘o

n
U\Q/OYGE: W(n) = E M (d) /d

aln
Proof:  TIntroduw o 4unction on all REAL rumbers,
Te): | 1 4 =1

o , otherwige.



\Ne‘VE Seen 1his &mc’cion be{ore! Z N(d) = l(ﬂ),
on
Now we do a bunch of rewriting,

n

P(n) = z I(W)

K=

. Zn: Z Ntd) i Z d\ZK M(d) The condition lo\\k and d\r;
k=1

ket dgelng) ic equivalent 10

d|n
"/d o - ‘ 4\0/’
ZZNU) K-qd for ome 1 €9 <74
dln q':l
CSpd) Yy
T
s

These two iheorems Ore o preview of the wore general MOBIUS INVERSION .



Doy J
C%19  Dirichlet convolution A Mobius inversion

We are going to see lots of sums that look like sz)n/d
d|n

Definition. The DIRICHLET CONVOLUTION of 1lwo arithmetic functions f and g9is
Pagtn) = 2 6 9(%a) |

d[n

Think of convolution 0¢ o kind of wmultiplication. The intuition for his will become

clear when we falk about Dirichlet series.

E xarples For convenience, Wbk 4L be the arithmetic funclion AL(n)-1 Vn.,

and N the function sudn that N - n ¥a. We have alreody geen Hnt

(O TIT=-p*4
@ N=¢x1i
®» - M&N

lt turns out that @ ond @ are no (oincidence : he *- operation i§ a group Operation
and the Nobius function helps dnverl 4
Exertise © Show that (i) & is commuistive : fxg = g«f
| (i) % s ossociodive : (Fxg)ah: £+ (9h)

v
parts (i) and
Li) are wordh (i) * hos an idenlity : faT = Txf-F kool £

mork%yg JCWO‘@\’}
A thel remaing is to show thot & hos dnverses. The catch here is that only
aritomedic  functions thot Sa‘x(s?j 1) 70 will be A-<vertible.  You can actually

find o formula, for €77 by recursion.



Exercise Show tat if £(1) 70, dhen t function £ dafined by

%, . £ Ve end

optional |

P . £y - T qu(ﬁﬂ“td) for ny 1
Only - you £(4) dln

like d<n

ComP\)\’w{ions'. o o k- Anveree for {. That is, Pxf7- Fxf= 1

As yow 0w Know, we don't care for formulas® 1Ne want nice- looking relationg !

It £l - ?Ilﬂtd), e g(m - 2 FH(%)
ajn

Theorem  (Mébius 4aversion Formula)
din

Poof  This is now simple d show using e properties of Dirichlet wovolution !

If {3=3*_1I_| than F*N'(S*ﬂ’)*/m ]by associativity
= g¥ ( 11*[“) <

) gince 4 and M are {nverges

j w
®

o

%5 Multiplicative functiong

i

Let's stoy  with the nice arthmetic finctions for o minute- We hod  an
eocy time deriving o formulo. for V() O we krew it value ot prime
pOWere.
M@n. An aritmetic function (n) is MULTIPLICATIVE ¢

FIm)f () = $(mn)  whenever gedlmin) - 1.



Exercise (o) Show that the Mobius function Min) is mu\t\'p\(wtl\/e.
(b) Show that if f is multiplicative | then £01) = 1.
We like woultiplicative functions becouse they preserve te multiplicative Stucture

of e integers. They alto  behave well with Dirichlgt convo wdion.

Exercige (o) If f ond g are mltiplicative, so is £*9.
(Trikier) (b) 1€ £ and F*g e mulbplicative , so is g -
(Corolory )(e)1F g i miltipltivey go i it Dirichlet dverse g7

Of course, thw niest arithmetic functions are COMPLETELY MULTIPLICATIVE
Elm) £n) = Fmn) for ALL m.a EN. A silly  exomple i e function
1 (.
WARNING. ¥ f ond 9 ae Compltely mulbipliative , f%9 ned not be
ompletely - mulkiplicative .
We do howe a very nice desuiption of the - <nverse.

Theovem  let £ be multiplicative. Than, £ s complelely wmltiplicotive  |FF
£7(0) = M) fn)

Poof.  I¢ £ s complelely -multiplicative , {ren
(gpef)ln - 25 PO (V) - f() 2 pid) = Tin) |
din din

Conversely , if £ (0 = M £n), then
> N(dH(d)F(n/d) 0 for all n>1,
d\n
ln porticulor, # n=p%y B EDECP™) 4 pp)FCR) FLp*) 0
=7 F(pN) = fR)f(p) |



By induction on a, this tells us that F(p¥) - L)%, which i enough 0 cwnclude
that £ is completely wultiplicative .

=\
2

Example . This teoem octualy helps us compute 9
Ne Kaow thot Y- MaN L 5o 9 e MANT L Sinee N i Completely
multiplicative , N7 = MN - S
¢ - 2 dMe)

dln

Example  LIOOVILLES FUNCTION (n)
Liowvile's function i Kind of Nke the Mobius function -
An) = 0t E s g p | This mmedialdy dels ug that
A is completely multiplicative . \ts dwisor sum is an {ndicator funckion

for quares ,i.e.,
Sty | L onis squre

dln
0 , oderwice

The proof o b}j chmdng the idntity fox prove. powers, Snce Axdl i
multipliative. 16 n-p"
%*D(r“) ZM‘*

= A(1)4 >\(P>* ce 4 %(FO('I )4 %(Fo()

1, x is aen

0, o is odd



The #-4nvece of N is the indicator funchion for Squa\rdvcc numbers 5
X' 0) = (Bl Cheek this using e deorem !

Example . The DIVISOR FUNCTION o ()

Define o (n) - S d. Dhe use 0F o () is 4 Aest whether nois o perfect
dln

awmber. T4 also turng out to be wultiplicative , Since o= 4+ N i
the convolution of wwitiplicative functions. Since N i comy&\ﬁ\g o \bipli caive

we n use the <ame trick o5 earlir to find o P

ot 4T AN - R
> gty Sdbr (L)
dln

0
o

Eetley  Funkier sume

Another neat rick ‘o study aritmetic {unctions uges formal power series.

Definition  For an oritmetic fnction £ and pive p, e p™ BELL SERIES of ¢
s Aol e 2l

n2o

These ave  espedially useful  for multipliative functions 3 IF £ and 9 ore

wulkipiative, then f=9 ¢os B9, 0 forall prims p.



Example . The el series of M
Snce M(P") =0 i n 22, Pplu) - 4- 2. Coincidentally ,
/A"(Fﬂ) B j.L([Dn) N i ’ aﬂc\ '_”_Pb(_) ,nzzlo _x_/n = \/i")b
Example . The Bell series of Y
Q1)+ Lo+ SSep- P ) x?

nzt
S S et
nx0 n:0
-
= (1-n) Z(P””')n = Topw
nzo

Theorem . For arithmetic functions £ and 9, lt h-f+ 9. Thn |
hP (n) = ‘CP (x)gF ) for all primes p. As a corolary , if
£ s te & -dnverse of {, then ‘PP (%) is invertible
and [ £ 0] - FTp ()

Proof . We need {0 cleck i powes Serieg idsznkitg By loking ol e
coeff clents .

n

hp™) = 25 F(p¥)g(p"™) whith it the coefficient of X' in 4y

k=0

product fo (g, (n).

S
2%

e B

A quik example  let U tount e number of distinct prime divicore n.

The function  £(n) - 2V i puitiplicative , and its p™ Bl Swies s

o= e Tawt = b 2 s I gy 0 e and Ll Sox
x4 -
G- Moo L = 2% SLd)
dln



Doy 3
;(E?,s?é AVQYOjQS of arithmetic {Unc{iDY\S

Though  sums of e form =5 F) o nice 10 Sy, we are
dn

often mor Antersted in sums ke S F M. For wample , H pin)
nin

is e PRIMgZ INDICATOR FUNCTION —p =141 # nig pime

and P =0 otwwise — dn ¥ Fime Number Theorem €stimoteg

{2 P Todog we're  going to work though  some estimates and  {ntroduwe he
nTr

VON  MAN GOLDT  funckon

NOTATION -
& Fw) - o(g(m> o FolEMam) for some M >0 Vi

-~ ) Vg 4 %Jif;’ef")/guf 1
- fo0) co(gm) b dim J?“ng =0
L->c0

- For 3% 1, the Riemann zeta function g 91(s) = Z <

n21

Th@gm, (A bunch of {:act3>

@ Z_ﬁl © lgx 4 C+ O(%c)

ng{

n
n s

1-S
@ Z_L; - %;3(9)40(is> i gyl

® Z = - O@x"™) 3¢ ¢>1
@®"

note
the Cn(mge, o+ 1 i
x Olz®) f o>o0

here! 2 [
® N Ty
n {n



e(f';g'ﬂ;; The average order of o—(n)

61991 S, c(n) - Z Zd 4ln and n $ %

{=> n:q’dS%

qd ¢ %
- S Sy (=> q¢n and d €7

@ )
2 estimate 2 d
-5 [ 5 0%) O(%” st
q €%
- ')(_2/2 Z ‘/qll + O ('X.Z ]/q‘) OPPl\I the
< Q<n Jheovrem

) , each Sum
N %/9. —.1—47(9-)40(%-)]4— o(’){.\oﬂ‘)(,* C%*i)

)simpliF) (eat conctants)

| eats X
. 7_(,2)%2+ O('Xl%%) 4)%03% 2
2

3
Theorem. o (n) ~ i;—)xz

The gow ik can be uwsed to Show  that 2 d(n) ~ xloga,
n{t

where  dln) is tae DIVISOR (OUNTIN G FUNCTION din) = S 1.
aln



For fhe  owerages of Uln), we nwd 40 assume that

Z I\%\)f)gu) + 8o an)nz i '/S’('z) +O(I/9c>

n2| n<n

Then Z Y(n) - }2362)%1 + Olrloga)

n{x

[=gaule Partiol sums and Dirichlet  convolution

let = \C*j . Whot i e rela’rionShL'F between,  their  partial Sums?

Defn. b & is on arifmebic funckion and Fr R — € e oy function,

(e F) () = = atm ()

n <%

Lemmo . IF % and P are orithmedic functions and F-R— C,
(O(*B)OF—- Wo(ﬁof)

proof (P )oF (1) - >, (xxp) )7 (%)

ng{wx

> S e %) e (%)

n<xe dln

> wiayPlroF (M)
dk<
S oald) Y, PLaF (W)

<
dé'x— k\/d

= oo (ZeF) (w)

=\
D)

o

fal
)



Theorem  Let h=fxg, and F(n) - S, fm, G1): . 9

ngr

ond  H() - =5 hin)  Then,

n{nt

Hiy - 20 fw6(%) - S awr (%) -

nse n€r

Proot Define Ulx)-= ) 0+ 0$2<

1, re |

Then , Fefol, G-9°U ,o0nd H=hol, using the lemma,
He hols (Fe8)eu= £e(9.0)- fois.

=\
2

e point of all this & that divigor Sums help us fimate partiol sums)

NotutionY The FLOOR of a real numby n, L%l ic the greatect

integer € % The FRACTIONAL PART of = i

0l oo pal
CO_T_CL\lavH. Z F(%) . Z ;f(d) - 2 £ L&nj
nsx nsx din n <

Prove thic 08 on exertise



%(ﬁé An estimate for M(n)

Tt dume ol that estimating the porkiod Sumg of M(n) & hard -
Riemann Hﬂpokhesis hard.  We con sfill get enough information 1o
oove e Frime Number Theorem . The FPrime Number Theorem is
equivalent 4 the statement  that % MTEQ) —>D 08 X —> 00,

Using Dirichlet tonvolution, we can show that the sequence of  pardial Sums i

at (ast bounded:  Frop the Covollary

Z Moy [0 - Z ZMd> =1

ns$x n<x d|n

Now ,
| T | Do) - Soen (5]
n<a n<x ne<c
r»ith(,%/“(ﬂ){ln/E)
TR
24n <K

< adnlalnl-t =

Min)
We Just showed thot ' g T} 1 for all .
NSy



mj The von Mango[d’t funclion,

\Aﬂ grithmetic function we Il uge Lo derive estimates (ke the Prime  Number '\hwrm}
s the  NATURAL LoGARITHM Jdog (n) (This is the base- e bgorithm ! )
Can we find on oribmetic function g(n) so that og () 2 gld)

d|n
Welly with our nifty Mobius 4nversion .
gl - 2 logd k(%) Chonging  Variables
dln 99
= 2 tog(Va) M ()
ol X log “/d ) < log (- log (d)
2 Mla) - Zl03(d)l‘“ ‘
dln din if n=1, logn) =0
it g o1y ZN d)-0
- -Z Jog(dW(d) dln

djn

Combinalorics comes 10 owr veswe once ogoin to simplify dhis sum

¢ oy
 n=p P 4 dhen
1T
Zooglyrld) < = (1) g (o)
dln el
-2 " 2, i)
1 cred pel

: Z rgtmz

(=1



The SubSets of {F.,...,PKE (ntoining  p; are n bijection
with  subsets of JP,,,. v Py Py Py 73 I k=2,
this becomes o nontrivial sum  Over the Subsels of o monemp ty
sely S0 =4 -0 -0 v

TIf

What if K- 17
Then, n=p%  for some prime p, and

gy - kLA oy ld) < (o) ioglp) - g (r)
d|n

Definition = The NON MANGOLDT function A s

A (n) s log(p) . i n=pX

0 . O{herwise

We derived this funclion ueng Mibius dnversion on  dogln), byt il

furns ol {0 be useful Jov nany veasons | For example the odarivative

of the RIEMANN -ZETA function con be exprtSSQd usinﬁ J{oﬁ

d/ds S (¢) - Z log (n)ns |

n2|

The von Mangoldd function plays the came vole for the LOG AR\THMIC
DERWATIVE of S(s) .

9%
_ (s A ()
5 Ls) /ns'
S ($)

3
v



We can uge s 1o ectimate Z A ) L%/”J Z > A (4)

n<x nex  dln

- 2, log (n)

n{

- loj (LU'.)

Tomotrow , we | dorive  the more Comp\ica{ed SELBERG |IDENTITY
in\lO\\Jing N ond homdwove how PNT o lows from &



Day 4

Todoy  we wll fowwe o the

Prime Number Theorervv [ T = # of prims S2, then
T o~ Dog

z(_"';g'ﬂ;) Stop 1: {n’[roduciry our Kkey players

We hae ou orithmekic funckiong M(n) and Z\ (ny.
Definition  CHEBYSHEN'S VY- FONCTION i V(v - = A\ )

ngxnL

CHEBYSHEV's - FUNCTION s win) - 2 Aog(p)
psk
P prime

Of course, we have pime [ 1. n is prime

0 , otherwise

and  TU(x%) = >, pn). Al three functions are very cosely  related
n$x
Theorem. A bunch  of  facts
@ T = 2 PO, v - Z RMloan , Yy - >, v (™)

ng <
® ns % mslogz'x-

Vi) v
® Jim \ © =
1

—> 0

-0

® mmwl;’;i FF U~ FF Y~ %



Proof (with Sorw duteils omitted )

O The formua dor Y ie i only nontrivial one

Wiy - S A - D, 2 dge

ng myy pS
P prime

S22l Y

)
mSleﬂf ps ™
ime
p p'm

- DL ey

mélo\g,%

@ Fom O, 0¢ Yiw-uvm) < Z \7'(')(_1/"‘)

2 \<m\<108”l,

Now we use the <illy bound U (n) £ 1103%,

= 0 < YIO-9(n) € Z ')(_/mlog'x—/m

25m510311

< log, % %" log”

Now dividw by % <

@ (A sketch! ) Sinee ﬂ(m-g: P ond
nst

Setret recult from analysis  tells us that

o
() = Tﬂﬂ\og% - T \ogll] - j __\(;{—) ot

o,

= T log x - ¥

PR

vmzi pmlogn, a

ngx



€L
\F (%) U(32) . j\ﬂ’c)

ond TTL"»B = 10314 - \1053/2 1 l\)ﬂz“',

dt
3/

A
U (D ; U (t)

g% 5 tlg’t

ot

Part (O tells ue 4nat U()ox FP P ve. To chow the equivalenc For

T and U)  {wolves Showing  that fhe  integral  ervor termg we

dovived dioppear oy one of te  osymplobics g

frue

(glg Stop 2 Trwestigating A(n)

Now that we've established thot the Fime Number Theorem is equivatent
bothe statemant thar =, Al) ~oc, Lt Anves tigate A W)

néx

We alreody saw that % A7) - dog (Lxd1)  Using e Stirling

ns<x

ppproximakion t0 fn factorial, we con twn thic into 0 ectimake

ngaL

> AW L%/"J = wloge — %+ Ouogx), We also have ouw  theorem  twat

Z f ]_%/n_]= Z F (’l/r\>1 S0 Zw[x/n)

- l _
< = v alog g - a4 O(Loﬁ 'x,)

Ow big resut o estimate Aln)  hg a much longer proof .

Notationy {0)= O@Qm) i £ =00w) anp gl = O (Fw)
For example @ - O (2v)



/\ln
Theorem Z j\(’) = dog o OCL) anqg W = ® ()

©ongw
Proof Sketeh  The bound o - O (Y()) e bicky b show. Hee's o
sketon o how e oter boung  works.
let T(0 =3 AmL*% ). We kow that
ns1L

T)= aloga-« + Olloga) = xloga + O (n)
Sorme. reoveonging of termg Ya\¢ w ihpt T@)-2T (*/Q)EWLM-WU/Z),
We uge our wrude estmate for T 4o Concuge thot

Y- v (%) = 0(x) , ond rewrsion {0 gshow et W)= O).

A ln)
Nows we uge +*hig o timate nsz .
L) <L?§J+o¢.;>mn)
hsr ng< w
c ZA(“) L%/,)J + O (égf&(n))
nsx )

= T () + O( LVUL))
= algr + O(w)
dnd dividing by ac omp lkes  the \oroof.

S\
2

ad
S,

==

z(j";g'f‘.l]é Stop 3 Selbery's asympiotic Formulo.

This s tw lact meak3 ’th‘\n\g we Wil See before  the ‘P«oo{:q of PNT



INe will derive Se\b{srg’s 053 mﬁohc forvmu\o \As'\nﬂ anptler  kind of

inverglon  result .

Theorem If &) - JOj% 2 F(K/n> , dhan

nsx

F (1) hogn + Z F UL/ﬂ)A(r\)-— Zmd)@(%/d>

n{x ds¢K

Pg_og? We look af eadn derm on the left-hand Sdo

Since I(n) is mos{\:\ Zero
4

Flologr = >, I(n)F (%)Jog (%)

nx PR ‘ .
MDbiug inversion

2 F(*/n)aos(%)%md)
aln

n{x
M-*h\ol\\)\s 'WWQYSfpn'r
and, Z FL%) Ay = Z £ (%) %}A(d“ojtn/d)
nsx n

n{x

S0, FOlogus ZF(Ya) At) e S F (%) 2 kg [ dog (V)2 o9 (") ]

ngnw ngn dln

= Z F(I/n)o%‘ M(4) dog s we love rearranging

n<n
Awisor sums o

- 3 Z b (4) Y0q"7y F (M)

dén 48y,

- S ny 6l%)

agn

=\
2

R
S,



Finul\j,
Theorern. (SELBERG'S ASYMPTOTIC FORMULAY

\P('l)lOﬂ')L + Z A ) ’q)('x/n) = Q?Llog% 3 O(y_)

nin

Prof . We are g0ing to apply the previous  theoem twice , with

Flo- YW od FO-a-C- 1 , where C is the tonctont  from
e_sk'\mu’c'\ng Z "g = logxa C+ O(%J‘ So,

n e

G, (1) = logr Se(*) - %\032 x - 2log + Ol log? 5 )

n<w

" from our Stirling  estimate in ctep 2

G, ) = kogxﬁ(%n’c'i> = 1103%2 ln - (C+1)x\0grx/

ngx ng
= 'X\Oﬂ'x [lofj%)fC)f O(;IL> ] - (CH)%\Oj?L

= rx\ogzx—-'x_log% + 0 Uog %)

Compar\ng e two, G, (1) - G, (K) = O(logzx) , but we only ned
G, (1) - G, (n) = O(x"?)

Now « we Opply OV Anversion- dype theovem



IF.M()— F, (x)]loﬂ% + 2 LF.(“/,\)— Fz("/,,,)]_/X (n)

ndr

< 5L M) [(“' (%)- G’Z(%/cl>1

A<y
. 5k o %)
o {n

1
:\ITLO<Z'/\]31> From our
Alw .
) eslimate for
= O(X) 2’ l/.nll?—

n<n

Of urse, ) and Fo2 ved b be Expresed <n terms of Y

[e-Fwlige « < Lr %) - R Ca [ A

n<r

\

é—\)(m)—ou C1) \oj'u Z [W(X/n)— %*C*‘]/\(n)
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/‘%m our gets eaten sine

estimate
= O
- g 4 %(logx +O(|)> + O] R "

= 2mlog 4 0 (x)

S\
2

5

e(f/?’ﬁe;ﬁ Stop 4 C\ean'\nj Wp

Hoe ie how e prime oumber theorem. ( Wix)~x ) folowe
Define O naw funckion
Ty e Vlery- ¢

So W) N IFF T)—>0 4S8 %x—> oo
Some integration turns Selberg’s formula dnto

Y
@) |a* € 2 lef(u)ldudﬁ 3 O

[») 0
We look ot He ‘error term  of T -

[Tu] & JiMSuP [Too| g ), for Some function ﬁ(“ —> .
L

Here ic the hard part . I Qimsup lT(X)Do’ we  manipulate the
2’8



integral Anquality  to (‘f{no\ om0 < ¢ < Jdimsup 1T(R)]) 5o tnat
&

1T [ < et g shll nolds for all .

Bur Wting w-> o2 in this nuw equation,

Q??

Jimsup 1T ] € ¢ contradickion!
"

\_,C? < V\ot Just h(xppmac\

Let’s take o step boek. Our goa was {ne PRIME NUMBER THEOREM .

that  T(x) ~ 1/1039& CWhy is g equivalent to e statemant ot
Yy v ?
12037_
We have W) - 2 Z\(n) - Z JUJF = thp il
RS |>(<)L pe
FPFW@
P PYIML

~ Jogt Z—J 1
P(%

F r(lm

= [og y- T(N)

Looking at Powers of p < % ond +a;¢;nﬁ Iog(xrithms s oabout 1 same o&

Counting  prines  p s The logan‘thm S J'us{ a niwr  fancton 4o estimate

than the prime indicator dunction ).

Sinw we only Care about asgmptot\'cs, we can look at V(e*) to jc& rd of the

dlogmi{hm. Our <nversion - type results move around funckions So We can gel e bound in

Selberg’s  agympto tic for mula. Deriving the Aime Number Thaorem just becomes somg Mssy

analysis {0 Say that for the bowd fo make Sense

Vi) mist be ~v x|



Day 5
L2y Primes i arithmetic Progression.

flow evenly ore the primes dishibuted ooy fhe natwal numbers 7
More gpecifically, @n I find infinitely wony pims in any  orithmutic

Progression P

Let's reframe this more number- thsoretically = an arithmedic progression Qm {d:ieN}
i jus’( the &t of «'n{egexs ongrusnt 1o a mod d . So are thare alway s anfimtely  many

primes  Congruant t o wod d 2

W\

\ —
&\?@ {_NOT_ALnavs)

There ore only finitely many primes congrwent o 0 moa 2. Or 0 wed 4. O 3 med 6.
o general, if g [and) > L, then only finitely mony primes can live in thal congrannce

class.

DIRICHLET'S THEOREM ON PRIMES IN ARITHMETI. PROGRESSIDNS

Theorem . \f ged (kym) = 1, ton fwre are infintely wony primes  congrugnt

{0 kK mod n.



LetS prove this for o Spaial Case.

Claim  There are Anfinifely wmany primes  congrugni 4o 3 mod 4.

Proof. Suppose vot . Let piy-- s pn beoal fhe primes  congrwnt to 3 mod 4.

Set N= Ap-p4 3, N=3 mod 4, 2o must have o prime  divisor

p=3mod 4, but p canot be oy of p, .., p Contradiction !

The orgument for { mod 4 cannot uSe te Same, K, bat can <l be proved with

elementarg number  theory . The frick we Just Saw s the ensiest way to ghow that nore

ore infimitely many premes . What are ofher waye fo show this ?

Euler's famous recult that Z'; diverges 48 an thmvaﬂant woy o Show tet there are
P

infinttely wany primes. Byr this s how we mwd b Hink o poye Diridolel’s Aheotem,

y :
(Roal :  Show that Z P dwerges.
p=Kmod n
pprimﬁ

Actualy , it doesn't miter whot the numerator is. As long ag we pick any

. . £p) .
ﬂonn&gah\le funclion f, Z 7p d'\\!uges =3 ihere are mﬁmlz\j Many
Pz Kmod n

pri mas corgmnt o &k mod n.

Theorem (St Dirichet ) W ged(n k) =4, 4uen

Z "fo,ﬂ_ﬁ - ’1—403% + 0(1)
P st F ?n)

Pz k modn



Tnis  tens  ys somathing enen SHOY\gU F e primes ore &VQNE
dighibouted among thg tongruence Aogses mod n . This s becowse

omn - ove and

lpﬂp
Z P T bgw ¢ o(L)

p S

and  on the  Othar,

P DI e L

PEx Jdlkn)=1  Pew
l 73k modin
r
l
thare ave G cacn termu 18 N LP/ log 2
Win) Eerms (n)

This  proof actually doeg  Anwlve Some  Lomplix  analygie.

Definition . A CHARACTER mod n is an arithmetic funckion
KN — C suh that
@fx IS tompletely multipllwakive
@ X =0 i ga (mon) > 1.
@ Kla)= X (a+n) For ol imege(s o .
The dhovadiers mod n are detumined  entirely by r valies mod .

"

Inpark aulow, faey e oMy ronzevo on te  Pn) restdun dlasseg Loprime
oo Tt twg out tre e exactly Q) distinee dharackers

wod N, and they al mop Z: :{K mod n: ged(¥.n) =14 7]

o Aw 9m™M rools  ef unity in C



Defmidion W X is a Diridhlgt cnovocter mod n,

X (n)
L(1,X%): nZ T

e proof of Dirdhlds  ngorent \n‘xrgeg on stw“mg fnat  Whan X is ot
édﬁnl—icalhj 4, LOL,X) twnveges BUT  L(l,x) #0.



